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Introduction

We saw in the last two lectures how hard it is to distinguish quantum states, but with enough copies we
can fully characterise them using state tomography. But once we’ve reconstructed the state that a source
produces, how can we measure the similarity between it and another state? For this, we need to consider
distance measures, and just like tomography there are two types: Static and Dynamic. Static measures
quantify how close two quantum states are and dynamic measures quantify how well information has been
preserved during a dynamical process.

1 Static distance measures

1.1 Hamming distance (classical)

The Hamming distance is the number of places at which two bit strings aren’t equal. For example, for the
pair

xr = 1100 (D
y = 0101

we have the Hamming distance H (x, y) = 2. However, in classical information theory we usually deal with
a source of information where there’s a probability distribution over some source alphabet. For this case
there are more sophisticated distance measures, some of which are introduced next.

1.2 Trace distance (classical)

The trace distance allows us to compare two probability distributions {p; } and {g;} over the same index set.
It’s defined as

D(pi,qi) = ;ZU%_QZ"- (2)
i
Note, there’s no ‘trace’ here, but we call it trace distance in anticipation of the quantum version. In order to
justify the use of the word ‘distance’, a distance measure must satisfy the properties of a metric:
1. It must be symmetric D(z,y) = D(y, x)
2. Tt must satisfy the triangle inequality D(z, z) < D(z,y) + D(y, 2)
3. D(z,z) =0



4. D(z,y)=0—x=y
e Property (1) says that the distance from z to y is the same as y to x. Pretty obvious!

e Property (2) says that the distance from x to z (via) y is at least as great as from z to z directly.

e Properties (3) and (4) are trivial!

Here’s an example: In Euclidean two-space, R?, the distance between points/vectors p = (z1,41)

and ¢ = (z2,y2) is d(p,q) = \/(z2 — 1)2 + (y2 — y1)2. This is the shortest distance between two vec-
tors/points. One can see from the figure below that d satisfies properties (1) and (2) via Pythagoras

z

Nd(y,z)

which gives

dla,2) = \J(d(z, ) + (d(y, 2))* < d(zy) +d(y, 2) 3)

as well as properties (3) and (4) quite easily. One can show using similar techniques that the trace distance
is a metric on probability distributions. We’ll see this in a moment for the quantum version, which includes
the classical version in the correct limit.

1.3 Fidelity (classical)

Another measure of similarity between two probability distributions is the fidelity

2
F(pi,q:) = [Z \/IT%] : “4)

Note that some authors (like Nielsen and Chuang!) use the non-squared version of the fidelity. The dif-
ference is just convention. However, most researchers use the squared version I’ve given here. So in any
calculations (problem sheets etc.) please use the definitions of quantities given in these notes.

The fidelity can be thought of as the inner product squared between vectors p and ¢, whose end points
lie on the surface of a unit sphere B B

(VP1, VP2, \/P3) )
= (Vau, Va2, vVa3)

where p-g =3, /pigiand >, (\/pi)? = > (V@)? = Lef rP =a? +y? + 22 = 1.
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For n-dimensional vectors we have the Euclidean vector space R™ and the endpoints lie on the unit

sphere S™~! as shown below

_ 1 R . .
Here, coso = Ak where |[p|| /D~ p is the norm or magnitude of the vector. This leads to

F(pi,q;) = cos® o. Note, the fidelity is not a metric as, for instance, F(p;,p;) = (3, pi)? = 1, so property

(3) isn’t satisfied. But later you’ll see that we can make it into one.

1.4 Trace distance (quantum)

The trace distance between quantum states p and o is given by

1
Di(p, ) = 5Trlp o,

(6)

where |A| = v/ Af A is the positive square root of AT A. To see the correspondence with the classical version
consider that p and ¢ commute, in which case they’re diagonal in the same basis, p = ), 7;]7)(i| and

o =Y, s|i)(i|. Then we have that

1 o
Dip.a) = 3T/ s~ sl
(A
= D(TZ',SZ').
Here’s an example
= 21000 + 211, o = 2[0)(0] + 2{1)1]
P=3 3 77 1
feads to 1/]2 3] |1 1 1/1 1
_D = — —_ — = _ — = = — —_— —_— =
(p:0) 2<}3 4'+‘3 4‘) 2(12+12

So they’re quite close to each other.

Geometric view (for qubits)

Letp = # and 0 = # This gives

1 1
D(p,0) = 5Ttlp — 0| = ;Tr|(z ~ 5) - 0.

1 N 1
=T (Z |r — si||z><z|) =5 > fri—si

(N
(®)

€))

10)
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The matrix |(r — s) - o| has eigenvalues +|r — s| so that

Dip,0) = £ 5 o, (12)
Note that the distance between points in Euclidean space, R", is d(r, s) = /Y. |ri — $i|> = [r—s|. Thus
the trace distance for qubits is half the ordinary Euclidean distance in R? between the vectors describing the
states in the Bloch sphere.
So at least for qubits the quantum version of the trace distance is a metric (as it has a one-to-one corre-
spondence with the Euclidean distance) on the space of density operators. How about in general?

e D(p,o0) = 0iff p = o. Therefore properties (3) and (4) are satisfied.
e D(p,0)

D(o, p). Therefore property (1) is satisfied.
e D(p,7) < D(p,0) + D(0o, 7). Therefore property (3) is satisfied.

The last inequality (the triangle inequality) is rather tricky to derive. But it’s informative to go through
the steps as the techniques introduced are useful for dealing with calculating the trace distance between
arbitrary density matrices (not diagonal in same basis) as we’ll see in an example in the next section. To
show the triangle inequality we can use the formula

D(p,0) :mngr(P(p—U)), (13)

where the maximisation is over all projectors P. To prove the above we can use the relation p—o = @ — 5,
where () and S are positive operators with orthogonal support

p—o=UDU'=UDT+D WU =UuD U —UD U =Q -5, (14)
where Q = UDTU', § = UDTU', D (D™) contains all positive (negative) elements of D, and Dt =
— D™ . This means that

=0l =@+ = D(p.0) = LTH(Q) + 5Tx(S). (15)

We then have from the property of density matrices Tr(p—o) = Tr(Q—S5) = 0, as Tr(p) = Tr(o) =1,
which means that Tr(Q) = Tr(S), which then means that

D(p,0) = Tr(Q). (16)

Before we go any further, I'd just like to mention that Eq. (16) is a very useful formula for calculating the
trace distance for two density matrices that aren’t diagonal in the same basis. Ok, so let P project onto
the support of @), which means that Tr(P(p — o)) = Tr(P(Q — 5)) = Tr(Q) = D(p,o). Therefore
D(p,0) = Tr(P(p — 0)). Now in general P can be any projector (not just projecting onto the support of
@), so we have

Te(P(p—0)) = Te(P(Q - S)) < Tr(PQ) < Tr(Q) = D(p,0). (17)

So there exists a projector P such that

D(p,7) = Tr(P(p—1)) (18)

I
S
®

2
+
S
Q

2



Thus the trace distance is a metric on the space of density operators. Also, we have that
DWUpUT,UsU") = D(p,0) (19)
D(£(p),E(0)) < D(p,o),

and many more nice symmetries.

1.4.1 Example of trace distance

Let’s take the experiment with photons from the last lecture showing the elements of the reconstructed
density matrix for the ideal target state

60} = 5(10000) + [0011) + [1100) — [1111)) 1254 20)

Figure 1: Left hand side is the real part and right hand side is the imaginary part. Here the computational
basis is represented by the polarization of the photons, {|0), |1)} := {|H),|V)}

The ideal density matrix looks like this
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Figure 2: Ideal density matrix.



and the experimental density matrix looks like this

0.238 0.025-0.002% 0.027-0.013% 0.093-0.014% 0.003+0.00231
0.025-0.0021 0.02 0.002 -0.002:% 0.011-0.008% -0.001-0.0011%
0.027 +0.01%1 0.002-0.002% 0.013 0.002 + 0.004 £ 0.002
0.093+0.0144 0.011+0.0081% -0.002-0.0041 0.193 0.0111%
0.003 - 0.002 4 0.0014+0.0014 0.002 0.01114 0.007
0.003 -0.0024 0.002-0.0011 0.004 0.002 - 0.002 3 0
0.018 -0.001 4 .002-0.0031 0.003+0.0021 0.013 .0011
0.001 -0.004 4 0 -0.003 - 0.002 1 0.001 0.002 4
0.002-0.0014 -0.006-0.0024% 0.003-0.00241 -0.009+0.0011 0031

-0.013+0.0084 -0.001-0.0044 -0.002+0.0011 -0.004+0.004% 0.003-0.00114
0.004 -0.0024 0.001-0.00421 0.002 4 0.0051 0.004 - 0.001 14
0.002 -0.0074 0.006 0 0.01+0.0114 0.003 - 0.002 4
0.178+0.0134 0.004 +0.0191 0.011-0.0084 0.07-0.0041 0.002 + 0.008 4
0.016-0.011 -0.012 1 0.0024+0.0071% 0.0094+0.0011% -0.0034+0.0051
0.001+0.0094 0.007.0.0094% 0.005+0.0091% 0.006-0.0224% 0.003

0.188 +0.0174 -0.014 -0.0124 -0.019+0.0191 -0.077 -0.007 1 0.00214

0.003 +
0.002 +
0.t
0.002 4
[

0.¢
0.001 «
0.002 4
0.001
-0.001 -
0.
0.003 +
0.01
0.0t
0.002 +
0.

Figure 3: Part of experimental density matrix (too big to show here!).

The diagonal matrix D looks like this

-~0.41969 o 0 o a o 0 L] 0 o o o o o 0 0
0 0.203463 0 o o 1] 1] (1] 0 o 0 1] ] 0 L] 0
] o 0.0871309 o ] 1] 1] 1] [1] o (1] [1] a 1] 0 0
0 o ] 0.0527268 a o [ o 0 o 0 o o o 0 0
0 o 0 o 0.0336475 1] [] (] (4] o 0 (1] ] 1] 0 0
0 '] 0 o L] 0.017T8886 [] [ L] o L] L] ] L] o 0
0 o 0 o '] 1] 0.0137404 '] [1] o 0 0 [ ] L] 0
] o 0 o 4] 1] 1] 0.00769944 [1] o 0 (1] [ ] 0 0
0 o 0 o o 1] 0 (1] 0.00255653 o 0 0 ] 1] 0 0
0 o 0 o o (] 0 1] 0 0.0015275 0 0 ] [ 0 0
0 o 0 L] o 1] 1] o 0 o 0.00151691 0 [] ] L] 0
1] o 0 o a o 0 o L] o o 0.0011196 o o L] 0
0 o 0 o ] 1] 1] (] (1] o 0 1] -0.00069686 ] 0 0
0 o 0 o o ] [ (] 0 o 0 1] ] 0.00049407 0 0
0 o 0 o o [ 1] o 1] o 0 o o 1] 0.000247964 0
0 o 0 o o 1] 1] 0 0 o 0 1] a 1] L] 0.00015687

Figure 4: Diagonal matrix D.
and the matrices U, S and () look like
0.406717 - 0.0190944 1 ~0.347937 + 0.0667828 1 0.582357 -0.C
~0.0577826 - 0.0439358 1 ~0.0423161 - 0.0295663 1 0.289754 - 0.147417 1 0.1
~0.0523753 + 0.0458211 1 ~0.124936 + 0.0677409 1 0.161991 + 0.0579495 1 0.18
0.629903 0.729261 0.0400767 + 0.0286113 4 0.06
0.00122242 - 0.0288432 1 0.00408688 + 0.02336361 0.0193033 - 0.0019113 4 0.15
-0.00263795 - 0.00530867 1 -0.0222669 + 0.00531601 1 0.0430827 + 0.0446245 1 0.05
~0.057604 -0 169611 ~0.0213749 - 0.0180097 1 0.129545 - 0.0308482 1 -0.1
-0.00187829 + 0.002732241 0.00212069 - 0.0033041131 -0.0339411 - 0.04573251 0.04
0.00248995 + 0.0249835 1 ~0.0599706 + 0.0407357 1 -0.0553717 + 0.151494 1 -0.0
0.056179 + 0.0249555 1 0.0784654 + 0.020592 1 0.00121658 + 0.0159636 1 0.0
0.0125247 - 0.0118291 1 0.017898 « 0.0114762 1 ~0.0251962 + 0.00968631 1 0.215
0.00203162 + 0.00755433 1 0.0598273 - 0.0638836 1 0.116503 + 0.0573694 4 0.1
0.464205 - 0.00174871 4 0.362653 + 0.024375 1 0.360234 - 0.257103 4 0.
~-0.00845423 - 0.00171668 1 0.0477542 - 0.00322513 1 0.385389 + 0.172916 4 -0.
0.00589841 - 0.0149205 1 0.0480792 + 0.139759 1 0.148167 - 0.062687 1
-0.449762 + 0.0108796 1 0.369583 + 0.0715841 1 0.160778 - 0.16749 1 -0.2
0.0697947 ~0.00957002 + 0.00777316 1 ~0.00948799 - 0.00762414 1 0.1074
0.00948799 + 0.00762414 1 0.000656172 - 0.0019353 1 0.00247366 0.013
0.00300914 - 0.00282069 0.000292568 - 0.0003726 1 0.00155093 + 0.000527253 1 0.000312501 + 0.00335414 & 0.00980468 - 0.00249968 4 0.00156515 - 0.000703073 4 0.00108361 + 0.00150896 { 0.0152
0.00256257 « 0.000956125 1 0.00211407 +0.00111082 i 0.00383359 + 0.000244876 1 0.00270592 + 0.000612248 i 0.00008 0.000409512 « 00003688424 - 6.77657x107 « 6.93012x10 % 4 0.000071204%5 + 0.0000207311 & -0.0004%
0.00140951 +0,00436884 | - 6.77637x10 7+ 6.93012x10 “ | -0.0029288 + 0.00202073 1 0.000307615 + 0.000729776 1 -6.189¢ 000481436 4 000172992 + 0. 000437796 4 0.000858698 - 0.001846633  0.0148
0.00371582 - 0.00318564 1 0.00272592 + 0.0044578 1 0.0025987 - 0.00254663 1 0.0108701 + 0.00260052 1 0.002 0.00225948 - 000198028 1 0.000189928 + 0.000577402 4 0.000488736 + 0.0000579694 4 0.00331
0.00207427 - 0.0115402 ¢ 0.00710467 - 0.00846386 & 0.00459733 - 0.00867839 4 0.00756167 + 0.01807 4 0.0031 0.00107427 - 000254018 § ©0.000104669 + 0000536141 1 0.000402666 + 0.000321608 1 0.0015€
~0.0148269 - 0.0185957 i ~0.00317089 + 0.00338836 1 ~0.00876265 - 0.0107456 1 0.054111 + 0.00985192 i 0.000 0.0768269 - 0.00159571 § 0.0108291 - 0.00861164 § 0.0102373 4 0.00825439 4 0.118

Figure 5: First matrix is U,

the second is S and the third is Q)




These are calculated in the program Mathematica, but for qubits you can do them by hand easily. From
the above matrices we have D = $Tr|p — 0| = 3Tr(Q + 5) = $Tr(Q) + 3Tr(S) = Tr(Q) = 0.422.

1.5 Fidelity (quantum)
The fidelity of state p and o is defined as

2
F(p,o) = [Tr( pl/%pl/?)} , 2D

where p = p'/2p'/? = (UVDU)(UvDU') = UDUT, which leads to p'/? = (Uv/DU?). Again, when p
and o commute they’re diagonal in the same basis p = ) . r;])(i| and o = ZZ si|#) (7], and we have

F(p,o) = |Tr stiliwl

2
- TrZM|i><z’|]

2

2
= > W]
= F(’I‘i7 S,’). (22)

In the case of a pure state |¢)) and an arbitrary state o we have

F(9),0) = [Ty )@@l
ek
- [Tr\/ Wl vl

= (@loly) =Tr(ald){¥])

and for a pure state ¢ = |@)(p| we have F([v)),|¢)) = |(1|$)|?. Note that again I'm using the squared
definition of the fidelity which is the more widely used version (not the same as Nielsen and Chuang!). We
also have that

F(UpUT, UcUT) = F(p,0) (23)
F(&(p).E(0)) = F(p,0). (24)

While the fidelity is more widely used than the trace distance in the literature for comparing two states, it’s
not actually a metric on the space of density operators! However, we can construct a metric from it. To do
this we use ‘Uhlmann’s theorem’:

“If p and o are states of a quantum system Q). Introduce a second quantum system R which is a copy
of Q. Then

F(p,0) = max [(|p)[?, (25)
[#)1¢)

7



where maximisation is over all purifications 1) of p and |p) of o into RQ).”

I’m hoping you’ve done purifications! Purification basically means that given a mixed state p4 we can
always make a pure state by introducing a reference system R (fictitious) of same dimension as A to make

1) Ag» Where pa = Trr(|Y)) 45 (1]). One can then show F(p,0) = maxy, [(¢[@)]?, where [¢)) is any
fixed purification of p and maximisation is over all purifications |¢) of . From this it’s perhaps more evi-

dent now that 0 < F'(p,o) < 1. To make a metric from the fidelity we define an ‘angle’ between states p
and o by
A(p,0) = cos ' \/F(p,0). (26)
We then check the properties of A as a metric:
e A is symmetric in its inputs as the fidelity is (via Uhlmann). Thus, property (1) is satisfied.
e If p = o, then F(p,0) = 1 (via Uhlmann), so A is zero. Thus, property (3) is satisfied.

e If p # o, then |¢)) # |¢) for any purifications of p and o, so F'(p,0) < 1. Thus, property (4) is
satisfied.

e Now we need to prove the triangle inequality...

Let |o) be a purification of o and choose purifications |1) of p and |7y) of 7 such that F(p, o) = |{|0)|?
and F(0,7) = |(¢|y)|? and (¢|) is real and positive (by choosing global phase factors ¢ for |+)) and |7)).
These purifications lie on the surface of the unit sphere S”~!, where n is the dimension of R(), as shown in
the figure below

where for n-dimensional vectors in C" we have cos § = %, with || |x) || = v/ {x|x) is the norm
and || |x) || = 1 for normalised states. The angle between points on the surface of the unit sphere is a metric,

therefore
01 02 + 63 27

cos ™ (|(¥lp)]) + cos ™ ([{|)])
A(p,0) + A(o, T)

cos ™ ([{¥lm))
cos™ ([{¢Im)])

and by Uhlmann F(p,7) > |(1|y)|?. Here |+)) and |7) have been chosen to give the fidelity with respect to
o only and therefore we need to maximise to get equality with F'(p, 7), thus we have a >. This means that

IA A IA



VE(p, ) > [(@]7)| = (¥]v), so that A(p, 7) = cos™ \/F(p, 7) < cos™ ' ((s)])). Therefore
A(p,7) < Alp,0) + A, 7). (28)

Thus, the fidelity can be turned into a metric.
Using the experimental photonic cluster state from the previous section (Section 1.4.1), one finds the
fidelity F = (| pexp |#c) = 0.61 and the fidelity angle A = cos™' v/F = 38 degrees.

1.6 Trace distance linked to Fidelity
One can show that

1—+/F(p,o) < D(p,0) <+/1-F(p,0) 29)
and for pure states p = |1)) (1| with mixed states o we have

1 F(j),0) < D(|4) o). (30)

Thus the trace distance and the fidelity are quantitatively equivalent measures of closeness for quantum
states. We can use either, with the results from one allowing us to deduce equivalent results for the other.

2 Dynamic distance measures

What if we’d like to compare how well a channel £ preserves the state p? It turns out we can use static
measures of distances to develop dynamic ones.
2.1 Gate fidelity

Suppose that we try to implement the quantum gate described by the unitary operation U in a quantum
computation, but instead implement £, which we hope is a close approximation to U. A natural measure of
the gate’s success is the gate fidelity

Fy(U,8) = 1"|f112>nF(U [¥) 5 E(|) (1), (31

where the minimisation is over all possible inputs |¢/). For example, if we try to implement the NOT gate,
i.e. X, butinstead do £(p) = (1 — p) X pX + pZpZ, then we have

F(X.€) = min (gl X[(1=p) X[ (01X +pZI)(912] X |9) (32)
= min (1= p) +p @IV [0)?]
= 1—0p, (33)

where we have used (¢| Y [¢)) = 0 for |[¢)) = |0).



2.2 Entanglement fidelity

Consider the maximally entangled state [1)) = id >, 1) |%). The entanglement fidelity is defined as

Fe(&) = @M@ E)[P) @Il v) (34)

and quantifies the resilience of a maximally entangled state to a unilateral (one-sided) action of the channel
E. F.(&) can be useful in calculating other types of fidelity. For instance
1

F= 3(2F€(5) +1) (35)

is the average fidelity resulting from the action of the channel £ on arbitrary input states. Once the set {E;}
are known for &, it is easier to calculate F, () rather than F' directly.
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